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BELSHOFF and also E X~~( M , N ) and ~o r r ( M , N ) for i 2 1 are reflexive R-modules.
Furthermore, we have the following "ext-tor" duality for reflexive modules: D ( E X~~( M , N ) ) T O $ ( M , D ( N ) ) . In this note, we show that it is not necessary to assume that R is complete.
Before we state our next result we introduce some notation that will be used throughout this paper. I 
f ( R , m ) -i ( S , n ) is a local homomorphism of local rings, then D(-) will denote the Matlis dual functor H o m~( -, E ) , where E = E R ( R / m ) , and Dl(-) will denote Horns(-, El), where E' = E s ( S I n ) .
W 
Although Theorem 3 is not a "change of ring" theorem, it can be proved using Theorem 2 and the result in [2] cited above. However, we will give a direct proof of Theorem 3. Proof. The isomorphisms are the usual "ext-tor dualities" (see Strooker [8] , Proposition 3.4.14 (ii), p.47). In fact, the second isomorphism holds without any hypotheses on M or N (by [8, Proposition 3.4.14(i)]). By taking duals and using the fact that N is reflexive it follows that Exth(M, N ) and
Proof of Theorem 1. It is easy to see that HomR(S, E) is an injective Smodule, and it is known (by Hochster's notes [4] ) that HomR(S, E) is an injective envelope of S/n in case S is a finitely generated R-module. Thus we may let E' = HomR(S, E ) . It then follows immediately that for any S-module N, Homs(N, El) Z HomR(N S, E ) , and so there is a natural isomorphism of functors (of S-modules)
To prove (I), we have D'(EX~;(S, M ) ) E D(EX~;(S, M) @s S)
. But since S is finitely generated, it follows by the "ext-tor" duality cited above that
Finally (3) follows immediately from (1) and (2) by taking duals.
Next we discuss an example which shows that Theorem 1 is not necessarily true if S is not finitely generated as an R-module. We will need to use the fact that if 0 + A --+ B --+ C --+ 0 is exact, then B is reflexive if and only if A and C are reflexive. This follows by mapping the short exact sequence into its double dual and applying the snake lemma. First of all, it is clear that any field k is a reflexive k-module. In fact, in this case Ek(k) = k, so the Matlis dual is the usual vector space dual. When R = k and S = k [ x ] ( , ) , there is an obvious local homomorphism R + S , and S is not finitely generated as an R-module. 
ring which is not complete, then 3 is not S-reflexive.
The proof of Theorem 2
In this section we will let R be local, and consider the local homomorphism R -+ R. Recall that if R is a local ring with maximal ideal m and residue field k = Rlm, then the m-adic completion R has the same residue field. It is also well-known that ER(k) E ER(k) (see [8, If M is a reflexive R-module, then M has a finitely generated submodule S such that M I S is artinian. (See the proof of Proposition 1.3 in Enochs [3] , or [8, Theorem 3.4.13, p.45].) There it is assumed that the ring is complete, and shown that a module M is reflexive if and only if M has a finitely generated submodule S such that MIS is artinian, but the proof of the implication we need does not require that R be complete.) By the remark above, any finitely generated submodule of a reflexive module is complete, and so we have (ii).
To 
The proof of Theorem 3
Throughout this section we will assume that (R, m) is a local ring with residue field k = Rlm, and E = ER(k). We will need to use the fact (see [5] ) that every injective module is a direct sum of indecomposable injective modules, and each indecomposable injective module is isomorphic to E(R/p) for some prime ideal p of R. 
